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ABSTRACT: This paper contributes to the theory of soft sets. It investigates soft permutation commutative Q-
algebras and their applications. A new method of combining permutation sets with soft sets is utilized to investigate
new classes of algebra, including soft permutation commutative Q-algebra, soft permutation commutative G-part,
and soft permutation commutative p-semisimple. This study elucidates an approach to find a relationship between
the chemical structure of the atoms for some elements, like silver atom, sodium atom, and chlorine atom and some
of our ideas presented here. Furthermore, we demonstrate that if (N, M) is a soft permutation commutative Q-algebra

of (X,x, T) and the associative law is held for any A7, A7, 2% € N(2%,), then (N (A%,),x) is a group, VA%, € M. Also,
if (N, M) is a soft permutation commutative G-part of X. Then the left cancellation law is held for any equation
Af X N(Af) = Af X N(/lg), where Aﬁ,lﬁ € M. Next, we prove that if T x N(}\iﬁ) € G(N, M). Then )\f € G(N, M),

Also, we show that }\].B € B(N, M) if and only if (7\? X N(}\].B)) X }\I.B =T, where B(N, M) = {}\f EM|T X N(?\iB) =

T}. Subsequently, the cases of orders of (X,x, T) are discussed. Moreover, precise outcomes relating to our new
concepts as well.

Keywords: Symmetric groups, permutation sets, soft sets, Q-algebra, G-part, p-semisimple Q-algebra.

1. INTRODUCTION

Molodtsov's contribution [1] provides the essential components of soft sets theory, crucial for addressing challenges in
computer science, economics, engineering, medicine, and other domains. The introduction of BCK-algebras [2] and BCI-
algebras [3] offers further tools for practical problem-solving, with the well-known relationship that BCK-algebra is a
proper subclass of BCl-algebra. Neggers and Kim [4] extend this framework by introducing d-algebras, a valuable
generalization of BCK-algebras. Their subsequent study explores connections between d-algebras, BCK-algebras, and
various interactions with oriented digraphs. In 2018, Khalil and Hassan [5] presented the concept of p-algebra, delving
into intriguing properties of this algebraic structure. Explorations in diverse fields encompass symmetric and alternating
groups, along with their permutations ([6]-[11]). Recent years have seen investigations into non-classical sets, including
permutation sets ([12]), fuzzy sets ([13]-[16]), soft sets ([17],[18]), nano sets [19], and neutrosophic sets ([20]-[23]),
addressing and examining various notions and features within the realm of mathematics.

Let B be a permutation in symmetric group S, then B can be written as product of disjoint cycles in an essentially unique

way. As the form B= (r%,r%,...,r,}(l)(rf,rﬁ,...,réz)...(rf(ﬁ),rg(ﬁ),...,rfx(cfé)) where for each i=#j, thus

{ri, v}, o, th Yy N {r), 1), ...,rfx]_} = @ [23]. Therefore B = A;A,...A(g), Where A, disjoint cycles of length || = ¢; and
c(B) is the number of disjoint cycle factors including the 1-cycle of B . Also, a=a(p) =
(al(B),az(B),...,ac(s)(B)) = (aq,az, .., acg)) is called the cycle type of B [24]. In 2022, some concepts on

permutations are introduced and studied in some classes of algebras like BE-algebra [25], B-algebra [26], BH-algebra
[27].
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This work examines innovative algebraic topics, including the soft permutation commutative Q-algebra, soft permutation
commutative G-part, and soft permutation commutative p-semisimple. The paper not only explores and discusses these
concepts but also introduces a method for establishing a connection between the chemical structure of the silver atom
and some of the algebraic principles expounded within. In addition, if (N, M) is a commutative soft permutation G-

part of X. The left cancellation law is then applicable to any equation )\iB X N(AF) = 7\? X N(Aﬁ), where
AJ.B,)\E € M. Then we show that if T % N()f) € G(N,M). Then }\iﬁ € G(N, M), Also, we prove that AF €
B(N,M) if and only if (A® x N()) x 2P =T, where BN, M) = {a% € M| T x N@%) = T}. The cases of

orders of (X, T) are then addressed. Furthermore, specific results relating to our new notions established and
investigated.

2. PRELIMINARY
The definitions of Q-algebra and permutation sets are covered in this section.

Definition 1:[10]: For any permutation 8 = Hfi‘i) A; inasymmetric group S,,, where {Ai}fi[i) is a composite of pairwise

disjoint cycles {1;}°% where 2; = (th,th ..., th), 1 < i< c(B), for some 1 < a;, c(B) <n, where c(B) is the
number of disjoint cycle factors including the 1-cycle of 8. If A = (¢, t,,...,t;) iS k —cycle in S,, we define
B '—s'et as )f ={ty, t,,..., t;}, It is called g —set of cycle 1. So the g —sets of {Ai}fgi) are defined by {Aff =
{ti, ts... te Il < i< c(B)}

Definition 2: [10]: Suppose that A/ and /If are [ —setsin X, where ‘ﬂ,l ‘ =oand ‘ﬂ,j‘ = v, where ‘Z,I‘ and ‘ﬂj‘are

o ) v )
the lengths of A/ and /If , respectively. Then A7 = /1?, if > t, = >t and there exists 1<d <o, for each
k=1 k=1

1<r<vsuch that ty =t} . Also, we call A7 and 4] are disjoint S — sets in X, if and only if > t, = > t]
k=1 k=1

and there exists 1<d <o, for each 1<r <wvsuch that t; #t’. Moreover, A7 > /1?, it t, > >t} and ‘ﬂ,, ‘ >
k=1 k=1

A

I B D ; . . .
Definition 3:[28] Let X = {Af} ={ti,tl,...,tt }|1 < i < c(B)} be a collection of B-sets, where § is a permutation
i=1 t
ay a4
in the symmetric group G = S,. Let T= A% , for some AY € X, where 2% such that D>t & ‘ﬂk‘ < ‘ﬂ,l‘
s=1 s=1
,v(l <i< c(ﬁ)) ... (*). Moreover, if there are at least two disjoint 3-sets say Aﬁ ,Ag such that (). Then, let T= Aﬁ if
there exists t € A% with t} < t, V(1 <s<a,) or T= /15 if there exists t? € /15 with t7 < th, v (1 <s < ap).

Also, let x: X x X — X be a binary operation. We can infer that (X,x,T) is a permutation commutative Q-algebra
(P —CQ — A), if x satisfies the conditions:

By A —

(1) 27 x4 =T,

@ ¥ xT=2,

B) (M x M)x M = x )y x 2, val 2,4 ex.
B 2 = 2 s 28 wif Af

@) A8 x 28 =20 x 2 vl A ex.

Definition 4: [28] Let (X,x,T)bea (P —CQ — A) and I(# @) € X. The set I is called a permutation commutative Q-
; ; B 1B 4B
ideal (P — CQ —I) of X if for all A; ,Aj A EX,
1) Tel,
2) Xxlerand er=iel
Furthermore, X and {T'} are permutation commutative Q-ideals of X. Then X and {T} are called trivial and fixed of X,

respectively. A (P — CQ — I) I is called proper if I = X. In addition, we say I (# @) € X is a permutation commutative
Q-subalgebra (P — CQ — SA) of X.
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Proposition 1: [28] If (X,x,T) isa (P — CQ — A), then (Af x (2% x Af)) X Af =T, v&f,lf € X.

Definition 5: [1] Assume that V: U — P (D) is a mapping of U € D into P(D), where D is a set of parameters and P(D)
is the power set of D. We say that (V, U) is a soft set over D.

3. ON SOFT PERMUTATION COMMMUTATIVE Q-ALGEBRA

Definition 6: Assume that (X,x,T) isa (P — CQ — A) and V: U — P(X) is a multivalued function, where U € X
defined by V(u) = {t € P(X)|u = t}, Vu € D where = is any relation. We infer that (V, U) is a soft permutation
commutative Q-algebra (SP — CQ — A) of X, if (V(u),x,T)isa(P — CQ — SA) of X, Vu € D.

Example 1:

. 1 2 3 456 7 8 9 10 11 12
Let(Slz,o)b(%symmetrlcgroupand[)’=(3 41257 6 10 9 8 11 12

(1 2 3 4 5 6 7 8 9 10 11 12\ _
So, B = (3 41257610 9 8 11 12) =(13)(5)(24)(67)(810)(9)(11)(12). Therefore, we
4

have X = {Af} = {{13},(5}, {24}, (67}, (8,10}, {9}, {113, (12}} and T={1,3}. Let K = BH=2 6= 1=
Af,] =2 F= Aff, D= )\g for some Aﬁ, Aﬁ, Ag,lf,lf,lﬁ,lg € X, where,

St & Alz|alva<i<em)... o,
s=1 s=1

) be a permutation in S;,.

Oh

>t zit; & ﬂh‘Z‘ﬂf,‘,v(iE{l,Z,...,c(ﬁ)}—{k}) e (i),
s=1

s=1
zg:tf 2it; & }Lg‘z‘ﬂ,,‘,v(i €{1,2,...,c(B)} = {k,h}) ... (iiD),
s=1 s=1

gtl th; & |4 2|A] i ez e - tohgh ..,

itsj 2 let & 4|24 va e 12 el - g 1) .. ),

gt; th; & ‘lf‘z‘ﬂﬂ"v(i €{12,...c(B)}—{kh g, Lj}) ... (WD),

itd Zit; & ‘Zd‘z‘ﬂ“l"v(i € {12, .., c(B)} = {k, B, g, L J, 1) ... (vid), where Ay, Ay, Ap, Ag, Ay, 4, Ar, and
57 S

Aq are cycles for A’f, Aﬁ, Aﬁ, Ag,/lf,lf,lf, and Aﬁ, respectively.

Then, we consider that K = {8,10} H = {6,7}, G ={12},L ={11},] = {9}, F = {2,4}, D = {5}.

Now, Iet)f € X. Define x: X X X — X by

Lif2 € {L,F} Lif2¥ € {L,D} G,if? €{G,D}
G,if ¥ €{G,]} Lif¥ € {J,H} H,if ¥ € {H,F}
TxA =2, DX = \K,if A € {K,H}, Fx2] =<K,if2f € {(K,G}, ] x A} =1 K,if2f € {K L},
D,if =T FifAf =T FifAf =T
T,if ¥ =D T,if ¥ =F T,if ¥ =]
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T,if ¥ =1L T,if ¥ =G T,if ¥ =H
LxA =2 Lifdf e Fy ,6x2={ Gififer,n,3 HxN ={ Hif¥eFj}  and
K,if 2 € (K,H,G,]} K,if 2 € (K,H,L,F} K,if 2 € {k,D,L,G}
2B
T,if ¥ =k
szlfz Lflﬁ, .
K,if A + Kk

Here we consider (X,x,T )isa (P — CQ — A). See Table (1).

Tablel. (X,x,T)isa (P —CQ — A).

x {1,3} {5} {2,4} {9} {11} {12y {67} {810}
1.3  {1,3} {5} {2,4} {9} {11}y {12 {67} {810}
{5} {5} {1,3} {11} {12} {11} {12y {810} {810}
{2,4} {2,4} {11} {1,3} {6, 7} {11} {810y {6,7}y {8,10}
{9} {9} {12y {67y {1,3y {810y {12} {6,7} {810}
{11} {11} {11} {11} {8,10y {1,3} {8,120}y {8,10} {8,10}
{12} {12} {12} {8,10} {12} {8,120y {1,3} {8,10} {8,10}
{6, 7} {6, 7} {8,10y {6, 7} {6,7F {8,10} {8,10} {1,3} {8,10}
{8,10} {8,10y {8,210y {8,210} {8,10} {8,210} {8,10} {8,210} {1,3}

and let N;: M, - P(X), N,: M, —» P(X), where M; = {{1,3}, {5},{2,4},{9}}, M, = X be defined by N;(h) ={k €
PX)lh~k & h=hk}, Yhe M, and N,(h) = {k € P(X)|k = h X k},Vh € M, . Thus, N;(1,3}) = N;({5}) =
N, ({2,4}) = Ny ({9}) = {{1,3}} which are (P — CQ — SA) of X and hence (N;, M;) is a (SP — CQ — A). But, (N,, M;)
isnot (SP — CQ — A), since N,({5}) = {{11},{12},{8,10}} isnot (P — CQ — SA).

Remark 1: Let (N,M)be a(SP—CQ —A)and @ = U € M, thenT € N(2),v ¥ e Mand (N,U) is a (SP — CQ —
A).

Proposition 2: Let (N, M) bea (SP — CQ — A) of X, where (M,x,T)is (P —CQ — A) of X .If N:M — P(X) satisfies
N(T) =Tand 2 x (AF x 20) =28 x A% ,wa?, 2l € M, then N(AP) =T,vAf € M.
Proof: For any 47,27 € M, we have 2{ x (A% x A¥) € M and 2{ x 2 € M [since M is (P — CQ — A) of X].
Substituting 47 = 27 into the equation A7 x (27 x A7) = 27 x 27, we have that N(27 x (A x 20)) = N(AF x 2F).
So, N(2¥ xT) = N(T) (From (1) of Definition 3). Therefore N(2?) = N(T) (From (2) of Definition 3) , but
N(T) = T.Hence N(A%) = T,v2? € M.
Proposition 3: Let (N, M) be a (SP — CQ — A) of (X,x,T). If the associative law holds for any Af,ﬂf,ﬂi € N(/lfn),
then (N (25,),%) is a group for any 2* € M.
Proof: Since for any 27,47, 4% € N(45,), we have (27 x 27) x 2% = 27 x (4 x %), then we need only to show that
N(Afn) has an identity which is T and for any T # /15f € M has an inverse. By Substituting /lfg = /lf = /lf into the
associative law (17 x A7) x A = 27 x (27 x 1;). We have that
(W x2BYx 28 =28 x (A8 x28). ThenT x 2¥ =29 xT =27, but T € N(25),v 2¥ € M. This means that T is the
identity element of N (25,). By (1) of Definition (3), every element 2 € N(2%,) < X has itself as its inverse. Therefore,
(N(25),x) is a group for any 2* € M.
Lemma 1: Let (N, M) be a (SP — CQ — A) of (X,x,T). If 27 x N(A¥) = 2f x N(§), vA{ € X &v A7, 2 € M, then
T XN =T x N(&).
Proof: We have

(A x NADY) x 28 = (2 x ) x N(A9)  (From (3) of Definition 3)

=Tx N(Af) (From (2) of Definition 3)

And
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(B x N x 2P = (2 x 2#)x N(2%)  (From (3) of Definition 3)
=T xN@H)
Since Af X N(Af) = Af X N(A’,f), then
T XN =T x N(A).
Definition 7: Let (N, M) be a (SP — CQ — A) of (X,Xx, T). We define
G,M) = {2 e M| TxN@) =NGD}.
Moreover, if G(N,M) = X , then (N, M) is called the soft permutation commutative G-part (SP — CG — P) of X.

Example 2: Let (X,x,T) and (N;,M,) be (P —CQ — A) and (SP — CQ — A), respectively in Example (1), then
G(Ny, M) = {Af eM, |Tx Ny = N(Af)} = {{5},{7},{1,4}} # X , hence (N, M,) is not (SP — CG — P).

1 2 3 4 5 6 9 10 11
3 10 7 2 6 5 11 4 8
. (1 2 3 45 6 7 8 9 10 11
in S;;. SO,B—(3 10 723719 11 4 8) (137)(2104)(6 5)(8 9 11). Therefore, we have

4
X = {,1?}, = ({(13,7},{2.4,10},(5, 6}{8911)} and T={56) . Define x:XxX—X by 2= =
i=1
; B _ 4B
T,if (4, =24} )
AL if (Cely th >3l ey or B el =L ¢ and 4] > |4]) -

A2 if (BeL, e < Bgl, t)or (Zel, th = %01, ] and &I2;] < |4])

where A; and 4; denote cycles for Af and Af, respectively. Here we consider (X,x,T ) isa (P — CQ — A). See table

2.

Example 3: Let (S;1,0) be symmetric group and g = ( 71 89 ) be a permutation

Table2. (X,x,T)isa(PC—Q —A)
X {5, 6} {1,3,7} {2,4,10} {8,9,11}
{5,6} {5,6} {1,3,7} {2,4,10} {8,9,11}
{1,3,7} {1,3,7} {5,6} {2,410} {8,911}
{2,4,10} {2,410} {2,4,10} {5,6} {8,9,11}
{8,9,11} {8,9,11} {8,9,11} {8,9,11} {5,6}

If we define N:M - P(X) by N(h) =tk € P(X)lh=k < h=k  h}, Vh€M, where M = X. Then (N, M) is
(SPC — G —A) of X, since each one of N({56}) =N({137}})=1{56}, N({24,10}) = {{56},{137}}
N({8,9,11}) = {{5,6},{1,3,7},{2,4,10}} is (P — CQ — SA) of X, and G(N, M) = {/lf EM|TXxN@A) = N(Af)} =X

. Then (N, M) is (SP — CG — P) of X.
Example 4:

The chemical element silver, denoted as (Ag), possesses 47 protons in its nucleus, and its electron count equals the proton
count, resulting in 47 electrons revolving around it. Additionally, there are five atomic shells labelled as {K,L, M, N, 0}
surrounding the nucleus, each containing a specific number of electrons, as illustrated in fig 1.
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Fig (1): Atomic shells for Silver

Hence K = {el, 62}, L= {63, €4, €x, €g, €7, €g, €9, 610},

M = {ey1, €12, €13, €14, €15, €16, €17, €18) €19, €205 €21, €22, €23, €24, €25, €26 €27, €28} »

N = {ey9, €30, €31, €32, €33, €34, €35, €36, €37, €38, €39, €40, €41, €42, €43, €44, €45 €6}

0 = {esr}.

Let3 =(12)(345678910)(11121314151617 18192021 2223 24 25 26 27 28)

(2930 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46)(47) be a permutation in S, .Therefore, we have X =

5
{Af}. = {{12},{3.,45,6,7,8,9,10}{11,12,13,14,15,16,17,18,19,20,21,
i=

22,23,24,25,26,27,28}, {29,30,31,32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42 43 44 45 46}{47}}. Define a map
fiAg—> X by f(A)={i,j,...7}, VA={ey e, ..,e,} €Ag. Then f(K) = 2%, f(L)= 25, f(M) = A5, F(N) =
A f0)= 28 Forany 1<i<5and A€ Ag, let f(A) = A° = X7_, tL, where |4;| = o. For any f(4), f(B) €

f(Ag) = {f(K), f(L), f(M),

f(N),f(0)} define #:f(Ag) X f(Ag) = f(Ag) by f(A)#f(B) ={

consider table (2).

f(A), if f(&)>f®),
f(B), if f(A) < f(B), Therefore we can

fK), if F(A) =FB),

Table (3): (f(Ag), #, f(K)) isa (PSC — Q — A).

# fK)  fA)  fM) fIN)  f(0)
f&y fE  f@ fM  fN)  £(0)
fay  f@  fE&  fM)  fWN)  f(0)
fMy fM)  fM)  fK)  f(N) f(M)
fay - fy  fWNy o W) fE) fIN)
f(O) fO0) fO) fM) fN) [f(K)

Defined W:D — P(f(Ag)) by W(d) ={h e P(f(Ag))|[d ~h e d=d # h},vd € D, where D = f(Ag). Then
(W,D) is (SPSC—-G—A) of f(Ag) , since each one of W(f(K))=W({fL)=fK) = W{FM)) =

U, fFWL), fFO}LWF (V) = {f (KD, F(L), f(M), £ (0D},

W(f(0)) = {f(K), f(L)} is (P — CQ — SA) of f(Ag), and G(W,D) ={d € D | f(K) # W(d) = W(d)} = f(Ag).

Therefore (W, D) is (SP — CG — P) of f(Ag).
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Corollary 1: Let (N,M) bea (SP — CG — P) of X. If Af X N(/lf) = /1? X N(A‘,i), then the left cancellation law is held.
Proof: Let Af X N(/lf) = Af X N(/lfi). From Lemma 3.6, we have that T x N(Af) =Tx N(Af). Also, Af,lf EX=
G(N, M) [Since (N, M) is a (SP — CG — P)]. Thus T x N(27) = N(27) and T x N(4;) = N() and hence N(2) =
N(2D).

Proposition 4: Let (N, M) be a (SP — CG — P) of X. Then 2% € G(N, M) if T x N(A¥) € G(N, M).

Proof: If A € GV, M), then T x N(A¥) = N(A¥) and T x (T x N(A7)) =T x N(AY). Hence T x N(A) € G(N, M).

Remark 2: If (N, M) is a (SP — CG — P) of X. Then the converse of Proposition (4) is held.
Definition 8: Let (N, M) be a (SP — CG — A) of X. We define

B(N, M) = {Af eM|TxN@F) = T}.
Moreover, if B(N,M) = {T}, then (N, M) is referred to as soft permutation commutative p-semisimple Q-algebra
(SP — CPSQ — A).
Remark 3: G(N,M) n B(N,M) = {T}.
Proposition 5: Let (N, M) be a (SP — CG — P) of X and Af,/lf € X, then Af eBWN,M) o (A x N(/lf)) x ¥ =
T.
Proof: Let ¥ € B(N,M). Then T x N(A¥) =T, but A¥ x 2¥ =T (From (1) of Definition 3) and hence T =T x
N = (2 x 28) x N = (2 x N(A9)) x 2% (From (3) of Definition 3). Then (2 x N(#)) x 2/ =T.

Conversely, assume that (Af x N(27)) x 2 = T. From [ Definition 3-(3)], we have (1 x 27) x N(#}) = (4 x
N() x 2. Thus (47 x 49) x N(A%) = T and hence T x N(2%) = T. Then 2/ € B(N, M).

Proposition 6: Let (N, M) bea (SP — CQ — A) of (X,x,T). Then B(N,M)isa(P —CQ —I) of X if N(T) =T.
Proof: Since (T X N(T)) XT = (T XT)XT =T x T =T, from Proposition 5, T € B(N, M). Let Af X Af € B(N,M)
and Af € B(N, M). Then by Proposition 5, ((A’f X Af) X N(/lf)) x (27 x /lf) =T ..(a). Also, By (3) of Definition (3),
we have that ((2f x A7) x NOD))x (2 x A7) = (A x 27) x (2 x ) x N@) =T x NG ........ (b)
(From (1) of Definition 3). Thus from (a) and (b), we have T X N(Af) = T. Hence Af € B(N,M). Therefore B(N, M)
isa(P—CQ—1)ofX.

Proposition 7: Let (N,X) be a (SP—CQ — A) of (X,x,T) and M be a (P —CQ — SA) of X, then G(N,X) N M =
G(N, M).

Proof: If 2¥ € G(N, M), then T x N(A¥) = N(#’) and 2¥ € M < X. Then 2 € G(N,X) andso 2¥ € G(N,X) N M,
thus G(N, M) € G(N,X) n M. Also, If ¥ € G(N,X) n M , then ¥ € G(N,x) and ¥ e M, so T x N(A¥) = N(A¥)
and Af € M. Hence /’lf € G(N, M) which proves the Proposition.

Proposition 8: If (N,M) isa (SP — CG — P) of X, then (N, M) isa (SP — CPSQ — A).
Proof: Assume that (N,M)is a (SP —CG — P)of X, then G(N,M) = X. By Remark (2) T = G(N,M) n B(N,M) =
XNnB(N,M) = B(N,M).Hence (N,M) isa (SP — CPSQ — A).

Proposition 9: Let (N,X) be a (SP—CQ — A) of (X,x,T) with N(h) = h,vh € X. If (X,x,T) of order 3, then
|G(N,X)| # 3, that is, G(N, X) # X.

Proof: Let’s assume that X = {T,Af,/lf} isa (P —CQ — A). Assume that |G(N, M)| = 3, that is, G(N,M) = X. Then
TXN(T) = N(T),hence TXT =T, T x N(#/) = N(2/),then T x 2 = 2/ and Tx N(A}) = N(2F), thus T x
A]’? = A]’?. From (1) and (2) of Definition (2.3), we have that Af X )f =T, Af X Af =T, )f xXT = A’f,and Af XT = lf.
Now let Af X /1]’.3 =T.ThenT, Af and Af are elements of the computation.

1t 27 x 28 =T, then 27 x 2% =T =27 x 27 and so (2 x 27) x 27 = (A% x 4¥) x 27. By (3) of Definition (3),
(2 x ) x 28 = (4% x A7) x 27 ' Hence T x 27 =T x 4! and hence 27 = 27[ Since the cancellation law is held in
GO, but it is a contradiction. Also, if 2 x 27 =27, then 27 = 27 x 2 = (T x A7) x 2f = (T x A ) x & =
2¥ x 2% =T, a contradiction. For the case A7 x Af = 27, we have that 2 = 27 x 27 = (T x A7) x 2f = (T x A7) x
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A% = A8 x 2% = T.Which is also a contradiction. Next, if 2/ x 27 = 47, then (Af x (2% x Af)) x M = (2 x 2 x
A]’? =T X Af = Af # T. This gives the conclusion that Proposition (1) is not satisfy, and this a contradiction. Now,
suppose that Af x Af = 22 1f 20 x 20 =T, then A¥ =28 x 2/ = (Tx ) x 2 = (Tx M) x 2 =2 x 2 =7, a
contradiction. If 27 x 27 =T, then 27 = 2 x 7 = (T x 20) x ¥ = (T x 4#) x 2¢ = 2! x 2¥ =T, a contradiction.
For the case A2 x A2 = 27, we have 2¥ =T x ¥ = (A% x A%) x 2% = (A x ) x 2/ = 2/ x 2/ = T. This is yet
another contradiction. This brings the proof to a close.

Proposition 10: Let (N, X) be a (SP — CQ — A) of (X,x,T). If (X,x, T) of order 2, then in every case, the set G(N, M)
isa(P—CQ—1)ofX.

Proof: Let |X| = 2. Then either G(N,M) = {T}or G(N,M) = X. Inany case, G(N,M) isa(P — CQ —I) of X.
Proposition 11: Let (N,X) be a (SP — CQ — A) of (X,x,T) and (X,Xx,T) of order 3. Then G(N,M)isa (P —CQ — 1)
of X ifand only if |G(N, M)| = 1.

Proof: Let X = {T,/lf,/lf} bea (P — CQ — A). If |G(N, M)| = 1, then G(N, M) = {T} is the trivial (P — CQ — I) of X.
Now, let G(N, M) be a (P — CQ — I) of X. By Proposition (9), we know that either |G(N,M)| = 1 or |G(N,M)| = 2.
Suppose that [G(N,M)| = 2. Then either G(N,M) = {mf} or G(N, M) = {T,Af}. If GIN, M) = {mf}, then
/1]‘? x A% ¢ G(N, M) because G(N, M) is a (P — CQ — I) of X. Hence /1].3 x ¥ = Af. Then ¥ =T x A% = (Af X Af) X
/1? = (Af X Af) X /1]‘? = /1]‘? X Af =T. This is a contradiction. Similarly, G(N,M) = {T,A].B} gives a contradiction.
Hence |G(N,M)| # 2 and so |G(N,M)| = 1.

Definition 9.
2 3 1 2 3 . . . n ) _

1 .o.o.om
L = = =
8=(s0) py s .. pom) T dew ™ r=(ay Loy 4y
fif2---fcy) D€ two permutations in S,, and S,,, respectively, where n < m. Assume that {Af = {t, té,...,t};i}u <i<
c(B)}and {f; = {di,dj,...,d%}|1 < i < c(y)} are two families of permutation sets for B and y, respectively. Define

wpy =

1 2 3 .. .. m m+1 m+ 2 m+3 .. . m+n
(wﬁ,y(l) wpy(2) wy,(3) . - - wgy(M) wp (m+1) wp,(m+2) wg,(m+3) . . . wgy(mt n))
in S, ... by the following:

, B(), if1<j<m
< =
(1) < m , then wg, (/) {y(m+n+1—j)+m, ifm+1<j<m+n’

y(), if1<j<n

2) Ifn>m'thenw[’l"’(])={,3(m+n+1—j)+n, ifn+l1<j<m+n’

S0, wg, = 1‘[;:‘1)5'7) 5; where Hfi“;ﬁ'y) 8; is a composite of pairwise disjoint cycles {(Si}ff‘l)ﬁ'y) . We say wg, is an
extension permutation of g andy.

Example 5.

(1 2 3 456 7 89 _(1 2 3 4 5 e -
Let[}_(4 59128 3 ¢ 7)& _(1 4 5 o 3) be two permutations in S,, = Sg and S,, = S,
4

respectively. Since B =(14)(25)(397)(68) and y =(1)(24)(35). Hence, we get X= [Af} =

({1,4},12,5},{3,7,9},{6,8}} and Y = {Af}; = {{1},{24},{3,5}} . Since n<m, we consider that wg,(j) =
{ B(), if1<j<m

yim+n+1-j)+m, ifm+1<j<m+n

(1 2 3 4 5 6 78 9 10 11 12 13 14\, : L
Therefore, wﬁ,y—(4 59128 36 7 12 11 14 13 10) is an extension permutation in S;, of
B andy.
Example 6.

The Sodium atom (Na ) and Chlorine atom (Cl), have 11 and 17 electrons, respectively. Furthermore, three atomic shells
Na = {Kyg, Myg, Nyo} and ClL = {K¢;, My, N¢; } exist around nucleus (Na) and (Cl), respectively. See fig (2).
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KNa KCl
17+
MNa MCl * ®
Nya N¢ <
(Na) (%))
Fig (2): Atomic shells for Sodium and Chlorine

Hence Kyo = {e1, €2}, Lyg = {e3, €4, €5, €6, €7, €g, €5, €10}, My, = {e11}, Ko = {é1,é,}, Lg =
{€3,€4,65,65,87,65,69,€10}, and Moy = {é14, €13, €13, €14, €15, €16, €17}
Let B=(12)(345678910)(11) be a permutation in Sm =511 and y =

3

(12)(345678910)(111213 141516 17) be a permutation in S, = Sy,. Therefore, we have X = {2/}

i=1

(4 =12}, 25 ={3,45,6,7,8,9,10,25 = (111} and ¥ = {t},  ={t] = {12},t] = {3.,4,5,6,7,8,9,10},t]

{11,12,13,14,15,16,17}. Define a map fi: Na - X by f1(A) = {i,},...,7}, VA ={e; ¢}, ...,e,} E Naand f,: Cl > Y
by fo(A) = {ij, .7}, VA ={&,6,..,&} € CL. Then f,(Kyo) = o(Ke) = X5 =t , fillwa) = folle) = 25 =
fi(4), if A€ Na—Cl
A), if A€ —N
&, M) = 25, f,(M) = ¢ . Define f:{Na,Cl} » (X, ¥} by fay = LU FACL=Na g,

fi(A) = f,(A),if A€ Na[lcCl

y(), if1<j<n
pm+n+1—j), ifn+1<j<m+n
1 2 3 . . . 17 18 19 20 . . . 28
1 2 3 . . . 17 28 27 26 . . . 18

17 =n>m = 11, then we consider that wg, (j) = { . As a consequence,

we obtain the permutation wg,, = ( ) in S,g is an extension

permutation of f andy.
Definition 10. Let wgz, be an extension permutation of B and y. For some T =§,“fv € X = {6;‘)’3’1’ =
{61,65,...,6L,}11 < i < c(wg, )} and the binary operation x on X, we say (X,X, 8,“#7 ) is an extension permutation Q-
algebra (EP — Q — A) of Bandy if.
@By @Ry _ o

(6) 6,7 x 68, =5,"F,

6) 8, P x 8, kv = 5P,

(1) 6,77 x8P7) x 8,57 = (8,7 x 8,°) x 6,77, w5 P, 577, 5,77 e X .
Example 7.
Suppose  that B and y are two permutations in  Example 5. Hence wgy =

(1234567891011121314
4 5 9 1 2 8 36 7 12 11 14 13 10

(1 4)(2 5)(3 9 7)(6 8)(10 12 14)(13) . Therefore, we have X = {5{”"’”},6_1 = {{1,4},{2,5},{3,7,9), {6,9),
{10,12,14} {13}} and T = {1,4). Define x: X x X — X by table (4). )

) is an extension permutation of g andy. Also, wg, =

Table (4): (X,x,T)isa (EP —Q — A).

x (1,4} (2,5} (3,7,9} (6,8} {10, 12, 14} {13}
{1,4} {1,4} {1,4} {1,4} {1,4} {1,4} {1,4}
{2,5} {2,5} {1,4} {2,5} {1,4} {1,4} {1,4}

{3,7,9} {3,7,9} {3,7,9} (1,4} (1,4} (1,4} (1,4}
{6,8} {6,8} {1,4} {6,8} {1,4} {1,4} {6,8}
{10,12,14}  {10,12,14}  {10,12,14}  {10,12, 14} {10, 12, 14} (1,4} {10, 12, 14}
{13} {13} (3,7,9} (2,5} (1,4} {1,4} {1,4}
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Hence, (X,X,T ) isa (EP — Q — A).

Definition 11. Let (X,X,5,“#¥) be (EP — Q — A). We say that X is bounded with unit §,“#7, if §,“#¥ € X such that

5, 9By x §,“Bv = 5, By, v§,“BY € X.

Example 8. See Example (7), we consider that (X,x, 5,“#7 ) is (EP — Q — A) of S andy and bounded with unit {10,

12, 14}.

Definition 12. Let (X,X,8,“fY ) be (EP — Q — A). We say X is an extension permutation commutative Q-algebra

(EP—CQ —A) of Bandy,if 6“8 x §;“Pr = §;“Br x § P, V§;“F¥,5;"Fv € X.

Example 9.
12345)&2(123

- 4 8
I‘etﬁ‘(54231 8 3 5 6
1

2 ; ) be two permutations in S, =S5 and S, = Sg,

5

2 1
respectively. Since f = (15)(2 4 5)andy = (18)(6 4)(2 3 5)(7). Since n > m, then we consider that wg,, (j) =
{ﬁ(m +n+1l-))+n, ifn+l1<j<m+n : Therefore, wg.y

(12345678910111213
8 356 2 4 719 11 10 12 13

(1 8)(6 4)(2 3 5)(7)(9)(10 11)(12)(13) . Therefore, we have X:{&?’B'V}Lz {709 , {12}

{13},{10,11) , {1, 8}, {4,6},{ 2,3,5}} and T = {7}. Define x: X x X — X by table (5).
Table (5): (X,x,T ) isa (EP — CQ — A).

X (7} {9} (12} {13} {1011} {18% {46} {235}
7} (7} {9} (12} (13} {1011} {1,8% {46} {235}
{9} {9} (7} {1011} {18} {1011} {18} {235} {235}
12} (12} {1011} {7} {4,6} {1011} {235} {4,6} {235}
{13} {13} {18} {46} 7V {235+ {18 {46} {235}

{10,11} {1011} {10,11} {1011} {235} {7} {235} {235} {235}
{18y {18} {18 {235} {1.8F {235} {7} {235} {235}
{46} {46} {235 {46} {46} {235} {235+ {7} {235}
235} {235} {235} {235} {235} {235} {235} {235} {7}

) is an extension permutation in S;; of g andy. Also, wg, =

Hence, (X,x,T)isa (EP — CQ — A).

Proposition 12. Let (X,x, §,“#* ) be (EP — Q — A). If X is bounded with unit §,“#7, then §,“8y = §,“87,

Proof. Suppose that (X,X, §,“#¥ ) is (EP — Q — A) and X is bounded with unit §,“A. Then §;*8 x §,“8Y = §,“B7,
V8B € X. If 8,°BY = §,“F7, then for any 8, % € X — 8,“F7, we get &, 7 x 8,Fv = 8PV x §,“br = §,P7
[from (2) in Definition (10) ]. However, §;8 x §,“8v = §,“Br[ Since §,“P¥ is unit] and this implies that 5;‘)"’” =
8, “Br, but this contradiction with (61.“)[”'7 € X — 6, “PY). Hence §,“FY = &, “F.

Proposition 13. Let (X,x,8,“#7) be (EP — Q — A). If X is bounded with unit §,“#¥, then (X,X,5,“#¥ ) is not
(EP — CQ — A).

Proof. Assume that (X,X,8,“#Y ) is (EP — Q — A) and X is bounded with unit §,“8¥. Then §,“8v = §,“Bv [from
Proposition 12]. Also, &,“8Y x §,“8y = §,“B¥ [Since &,“F is unit] and &§,%BY x §,“Fr = §,“Bv [from (2) in
Definition (10)]. Now, assume that (X,X, 5,“#Y ) is (EP — CQ — A). Then §,“8Y x §,“By = §,“FY x §,“F¥ [from
Definition 12]. Then §,“AY = §,“#¥ , but this contradiction with Proposition 12. Hence (X,x,&,“Av) is not
(EP — CQ — A).

4. CONCLUSION

This paper presents numerous novel extensions to Q-algebras, investigating their properties through the lens of non-
classical sets, particularly soft sets. A method for establishing a correlation between the chemical structure of the silver
atom and the concepts introduced here is detailed. Instead of relying on permutation sets in future research, the paper
advocates the utilisation of non-classical sets like fuzzy sets and neutrosophic sets to enhance the precision of thoughts
and outcomes. Furthermore, the research aims to introduce a fresh approach for exploring the relationships within the
chemical structure of other elements, accompanied by the exploration of new mathematical concepts. Specifically, the
paper endeavours to employ this knowledge to calculate the number of electrons in each electron shell, a crucial aspect
for comprehending and discussing the properties of these elements.
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