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ABSTRACT: This paper introduces the homotopy analytic HAM, an effective and reliable method for solving
computationally challenging fuzzy Volterra nonlinear integral equations of the second type. Numerical
examples are provide to demonstrate the accuracy of HAM. To check for existence and uniqueness, the study
employs the Banach fixed point theory and homotopy analysis. Finally the study resolves our issue using the
MAPLE programme.
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1. INTRODUCTION

Numerous significant problems in the disciplines under applied mathematics, including physics, medicine, and
fuzzy control, greatly benefit from the study of fuzzy integral equations.. Von Zadeh [1] introduced the idea of fuzzy
numbers and their calculation in 1965. And to day numerous fields use fuzzy sets. Although Kaleva [2]
recommended fuzzy number operations and propose the fuzzy number concept, he opted to describe the integral of
fuzzy functions using the Lebesgue-type integral notion. Recent years have seen a surge in research by
mathematicians exploring numerical solutions for fuzzy integral equations and we employ HAM to resolve the
nonlinear and nonhomogeneous fuzzy Volterra integral equation. This approach,which is used to solve Volterra
integral equations of second kind, ,typically demonstrates avery high rate of convergence, with an unsteady hazy
,producing approximations with minimal errors in some iterations [3-4].

Integral equations are ubiquitous in mathematical modeling across science and engineering disciplines. Volterra
integral equations of the second kind involve the unknown function under the integral and have broad applications in
disciplines such as biology, mechanics, and finance [8]. These integro-differential equations can exhibit nonlinear
behavior and do not always have analytical solutions, necessitating the use of numerical techniques [9]. Furthermore,
ambiguity or vagueness in real-world systems may

require the incorporation of fuzzy parameters, increasing the complexity of obtaining accurate solutions [10].

The Thomotopy analysis method (HAM) has emerged as a versatile semi-analytical approach for handling nonlinear
equations. By constructing a homotopy between the original equation and an initial approximation, HAM provides a
framework for deriving convergence-controlled series solutions [11,12]. HAM has shown promising results for various
types of fuzzy integral equations, including Fredholm and Volterra types [13,14]. However, the application of HAM for
fuzzy nonlinear nonhomogeneous Volterra integral equations remains under explored. This paper aims to develop a
numerical scheme based on HAM to solve such equations containing fuzzy parameters. The solution methodology
involves formulating a homotopy equation, differentiating to obtain deformation equations, and iteratively calculating
approximation terms. Convergence criteria and error analysis will be provided [15]. The proposed technique will be
demonstrated through benchmark problems and compared to other existing methods like Adomian decomposition [16],
finite differences [17], and fuzzy neural networks [18]. Challenges related to computational efficiency and optimal
parameter selection will also be discussed [19]. Overall, this study provides a systematic framework for utilizing HAM
to reliably solve fuzzy nonlinear nonhomogeneous Volterra integral equations arising in real-world contexts.

Challenges related to computational efficiency and selection of optimal parameters will also be discussed [20, 21].
Overall, this study will provide a systematic framework for utilizing HAM to reliably solve fuzzy nonlinear
nonhomogeneous Volterra integral equations arising in real-world contexts[22].
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2. MAIN CONCEPTS
The following introduces the fundamental definitions of a fuzzy number:
Definition 2.1. ([5]) m: R — [0.1] is a fuzzy number that meets the criteria below:

(1) m is upper semi-continuous function
(2) m(x)=0 outside some interval [a.d].
(3) There are real numbers b and c such thate = b = ¢ = d.where

a- m(x) is a monotonically increasing function on [a,b]

b- m(x) is a monotonically decreasing function on [&, d]

c-Forall x e [b.cl.mlx) =1,

E* represents the collection of all fuzzy numbers, which is a convex cone and is provided by Definition (2.1).

Kaleva [2] offers an alternative definition of a fuzzy number's parameter.

Definition 2.2. A fuzzy number + in parametric form is a pair (m, mjof function m(u}) m{w).0 = u = 1, which

satisfies the following:

i m( ) is a non—decreasing, bounded, left—continuous function over [0.1]
ii. mi W} is a non— increasing, bounded left —continuous function over [0.1]
i, mW=mul=spsl

The term for the collection of all fuzzy numbers is denoted by E* [6].

Definition 2.3. For arbitrary fuzzy m = {m{u}, m{u)), n = (n{w). 7 ()10 = pu = 1 and scalar w, subtraction, scalar

product by w, addition and multiplication, respectively, are defined as follows:

1- Addition -

(m + n) () = (m(u) + nw)). (m + n)(w) = (M) +au)

2- Subtraction :

(m —n}(w) = (m(u) —n(w)), (m —n)(u) = (M) —n(u))

3- Scalar product :

. W), Wi  (wm(u) wm(u)),w =0,

(i )(w) = IEWEEE:%, mrﬁggg Ewrf:iug,wggug,w =0 )

4-Multiplication:

(. A) (W) =

{m{u] = max{m(wn(w). m{un(w), mwA(w), men(w)} @
mn () = min{m(p)a(w), mlw m(w), m ). m(Wn(u)}
Definition 2.4. For arbitary Fuzzy numbers . # € E*
D, i) = mm’{ sup |m(w) —alw| sup balw) — alw I}J (3)
pelpil pelpal

The separation distance the =i and &, proves [7] that (E*.DJ are a complete metric spaces.

Definition 2.5. In ([16]), the Riemann integral is used to define the integral of a Fuzzy function [a.b] — E*. Fora

Fuzzy function, for each partition p = {xg. .... %5} of [a.b] and for arbitrary" & € [x_,.%].1 =i = n, let

R_u- = E:nzl f(‘f](—r —.1':_1:] 1)

Ar=maxi|y —x_, .1 =i=<n}
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[; fGdt =limRz, h =0 )

| the fuzzy function f(x) it is continuous in metric I, then the integral certainly exists and in addition

(] reowdt) = fGrwdx and ([ Fomdx) = I fexiwdx ©

Where £(x; ), f(x; ) is the form of parameter f{x). It should be noted that the Lebesgue-type approach [6] can also be
used to define the fuzzy integral. However, if f{x} is continuous, both strategies result in same one. More information
regarding characteristics of the fuzzy integral.

3. FUZZY NONLINEAR VOLTERRA INTEGRAL EQUATION OF THE SECOND-KIND
This paper covers the Complex nonlinear the Volterra integral equation of the second kind (FNVIE-2)—a fuzzy

nonlinear equation with an integral kernel

W) = FE0) + Afjk({x, tF Gt @)) - 6 (2. J [ B (6500 (s))ds) dt @

where flx) and f(x)  are fuzzy function on x : a=x=h, andwhere L= 0,

k(xt. Fl{pbt,ﬁ:{tjj}.f}(t,f: Bt s,&:{s]]ds) are analytic functions on [a.b] x [a.b] % [a.b] x E®x E™ and where

F, (= t.va(t)), F.(t s, f(s)) are nonlinear function on [a.b]. For solving in the parameter form of Eq. (7), consider

(i, W), F(xe ) and (m(x W), mix p)).0 =p < 1and t.s € [a.b] are parameters of (x) and fm(x), respective. Then,

the form of parameter of Eq. (7) is:

mGe.) = FGrw) + A k(b B (e m(e) - 6 (& [ Eg (6.5 m(s w)ds) at

mx, ) = fx. w +1f:k({.r, t, R (xtm{tu)) G {r, J’:EE{L s.m(s, ) ds] (8)
letx, £, 5 € [a. b]
ke t, R (e tom(e,w) -G (& f L g (t.5.m (s, 1))ds)

k(xt B (b m (e 1) - 6 (& f B (t.5.m(s,w))ds), kx, £, g (x.t, m(g0)) - 6 (£, [ § Bg (8,5, m(s,0))ds) = 0

k(e t Fog (L)) - G (£, [ [ Fog (6.5 M5, w))ds ) ke, Fg (x.t.m(t ) G (£, f £ g (8.5, m(s.u))ds) < 0

k(e t, Fyg(xtu(t @) G (£, [ [ Bg (t.5.u(s a))ds)

kG, t Fop (e w)) -6 (b, Bg (65, (s, w)ds ) klx, £, Fog (b m(60))) - 6 (2, [ [ Fog (t5,m(s,w))ds) = 0
= (%)

k(xt B (tm(t) G (£.f  Ba(t.sm(s.u)ds) k(2 t R (.t mw)) - 6 (¢ B (t.5.m(s 1))ds) <0

Equation (7) is converted to nonlinear Volterra integral equations for each 0 = n =1 and a = x = b. Now that we've
described homotopy analysis approaches as approximate answers thix}.a = x =b, we find the approximate solutions
of flx).

3.1. HOMOTOPY ANALITIC METHOD "HAM" IN GENERAL
The system (8) is now solved using the homotopy analytic method, and a recursion scheme is obtained. Before HAM
for the system (8). We presumptively have four cases for kernels in the kernel.

NE#ale, )l =0
wix) = f) + 40 k ({.r, tF (xtm() G (& 0] B (6s,m(s))ds) dt
Where
x w) = (m(x, W), (x W) and fx, W) = (F (x ). fx. W)

As can be seen, equation (7) is transformed into a system of crisp fuzzy Volterra integral nonlinear
equations. Af k{(x, tF, (x, t, ult, w ) ) -G (t, f: E, (t, s.mls, u]) ds) dt

mle,w) = e + Affk((:, t,@{x,t,m{r,ujj)- G(t,frfu{t,s,m{s,u:ljlds)dt (10)

m(ow) = fleow) + A Jk((x 6 FoyGotme ) - 6 (& f S Foy (6.5, 7(s, w)ds) dt
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We can see that the homotopy method is used to construct the zero-order deformation equations in order to solve the
system (10)

(1 — p)L[BCr, p: ) — wo G: )| = pRH[B(x.p: ) — Flx 1) — 4[] k{(x; t.Fy (x.t.00p; ufl)) -
G (t, _IFL: E, (t,s,g'f,s,p, u]) ds) dt (11)
(1 - p)£[Ble, p: W) — (e W] = phH[B(x. piw) — Fx.w) —A [, k {(_r, £.Fyy (x, t, 0(t, p: u])jl -
G (2. J [ Fopu(t.5.B(s. p. w))ds) dt

Where L is an auxiliary linear factor, h is a non-zero auxiliary parameter, and p £ [0.1]is the parameter embedding
H(x) is a supporting function. wo (% 1), Wol(x 1)) are initial guesses
Ey (ot 8(t pr ). Fyy (b5 Ot pr ). Fap (2.6 B(6 pr 1)) and Fyy (ts, @(t p: ) respectively B(t p: 1) and 8(t p: )

are unknown functions.. With the zero-order deformation equations previously given and the assumptions that L(m)=m
and H(x)=1, we obtain

(1-p) [@ﬂr,p: W) = wyp Cx; Lﬂ] =

phO(x,piu) — Flx. ) —A 7 k({x, t.E, (x.t.00p: IJJ)] -

6 (& f; By (£.5.86s. p.10) ) ds) at (12)
(1 — p B, p: ) — W Cx: )] .

= ph[Dx. pi ) — F(x. W) — A f k((x b, Foy (£, B(E piw))) -

r'— f—
6(t.J Fopt.s. B(s. p.u))ds ) dt
It is clear that when p equal {07 and p equal (17, since h = 0, we get
Blx, 0;) = wya; w), B(x. 0; &) = wg (x; )

And
B(x 1w = f(xw) + A L] k ({x, tF, (et 806 1:1).6 (8. [] By (6.5 0(s.1,1))ds ) dt
Blx i) = flxw) + 4 [, k ({L t. B, (681 1)). 6 (t, N By (t.5.6(s.1, u]jds) dt (13)

Respectively. The function @(x., z: w). B (x, p: ) therefore changes from the initial hypotheses wy(x; w) . W Gl to
the solution as p increases from 0 to
1A, (x, t, Blt, p: LO),FIH {t,s, o(t. p: LO)JP::“ (x, t, Bt p; I-l]) andF,, (t,s,@(t, o u]jl

Taylor's series expansion B{x, p; ) with respect to p results in
B(x.piw) = wp(xi ) + Lmy Um(xw)p™

n N T 14
B(x. pr ) = Wy (1) + Xy i (x w)p™ )
Where
1 @™Maltperd
U, 1) = ———
_ 1 a™Eitpmy
Uplxr)=——"T07— amzl
i"r.{ :I m! ar_-,. g=0

It is important to remember that @(x, p; 1) = wy(x; 1) and @(x, p; w) = Wy (x; ) when the zero-

order deformation equations (13) are multiplied by pembedding parameter m times and divided by
m! and n! When we eventually put p=0, we obtained what are known as m-th order equations of
deformation.

unlr)=h [gm_,_[x:ﬂ — (1= ) fr) =4[] r'-c( (x, t.Fiy (x, t. Oy [t 1:|.le~:| ) -G {r, _I': Eay (r, 5,0 4(5.1, |.le~:| ds)dt

Ty (7)) = b [Bpe s (07) = (1 =5 f7) — =2 [ ((x t Py (.t B s (623 10)) ) 6 (8.1 Boplto5, B (59 1) )ds ) dt (15)

Where
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dbm=1
Fm Jil m#=1 mz1
Blx, 1) = wyx; 1)
PR -l 1n|:x_r_g [EBX D) GlrrJ Fopltegieppds)
Rps(rtiw) = [m-1y! - gpm—1 =
(m—1) : neo
and )
B e, ) = wy (x; )
ame 1nl:r rruI:r_E':x_p,-pf‘:I:I-EIZr__I-: B (taflsppdds) 16
Ry (i) = (m- L‘“ apm-1 (1e)
! -
from equations (15), (16) we obtain
u, (3 1) = huo(xiw) — Af (e w) — B[] Ro(x. t: wat]
(1) = (1 4 W)ty (5 1) — AB[[J Ry (x. 85 w)ait]
Similarly
1, () = hiig (e ) — hf G ) — AR[[ Ry (x £ wdt]
U (20 1) = (1 + By s 1) — AR[S [ Ry (. £210) ] (17)
as,
t
Rotr.tiw) =k (x.t. B, (busew)) - 6 (2.1 By (&5, (s, w)ds) .

- - _ t = _
Bor.tiw) =k (x.t. B, Gy 6 w)) 6 (¢, f] By (e5 8, (s w)ds)
If we select the values of h properly, the series (9) is convergent of p=1. The homotopy solution series, system

solution (10) as shown below:
UCxow) = up(xi ) + ey (x5 0)

. : m=1 X 19
Ulx,u) = dp(x ) + Z5oy G 1) (19)
We give the n order solution approximately with

i{x,ﬂ =uylor) + 5, unlar)
FCer) =dgler) + 5, dpler), j=1 (20)

3.2. ANALISYSIS OF EXISTENCE AND CONVERGENCE:
Consider f(x) to be bounded ¥x € [a. 5] and
kigh)| =R va <g.h=<bh
We also assume that the nonlinear factors £ (g. k. ##(h)). E; (h. g.#(g)) are satisfied in Lipschitz condition

D (£ (g.h. (W) - F, (g how* (0) ) < LL,DGoi,72")

D (£ (hg.2(g)) — B (b g1 (g)) ) < L*LiDGie")
Let
a=ALLF + L"LyR)
Using the Homotopy analysis method, we will now demonstrate the existence, uniqueness, and convergence
of the method's solution.
Theorem 3.2.1: For 0 == u =z 1, then we get a unique solution for equation (7).
Proof: let m and m™ get two solutions of equation (7).

D (i, #*) = D{f'{xj+lf k {(x,t E (x.t, m{t] ( f E (. s,m{s]}czs]
fFEy+al) k ((x t. B (x. t,m"‘{t]}] -G {r, LB (s {s]}dsj .:zz]

DO, ") = maxfsup | () + AL k((xt. B (e t.i(0)) - 6 (6. [} B (t.5.(s))ds) dt
@+l k(rt Bl edm®))6 (6. [ 5 (6577 (6))ds) at
| sup 1 f )+ f, k(e A (otm @) -6 (6. ] & (£.s.m"())ds) dt
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—f[x}+lf k [(x t,F(x ¢ ’Tt}) ( f E (t.s m[s})ds)
= mu:x{sup.l{j Iﬁ:[ xt.B(x.t m[t}) ( J E (ts. m[s})ds)

_Lx ((x 6 (r e (@)) - ( I.ﬂ' (t.5. [s}]ds) dt |),

.s‘upl[j Ik[ ERAACN S ﬁ'[t}} ( j F, (t.s,m '[S}}ds) dt

| _ka ((:r LF (6 70)) ( fﬁ' [tsm[.s}]ds)dt )

= max{su p.FL[J:I k((x.t. B (x.t.97(2))) - G (a, L.ﬂ; (t.s. ﬁ[s}}ds) dt — k((x,t, B (x t.7(£)))
G (z, Ltﬁ‘z (t.s, ﬁ‘(s}}ds) + ki((xt. B (x t.W(8)) - G ( ftﬁ‘z (t.s. ﬁ‘[s}}ds)
— k((x.t. B G, 1.5 (£))) - ( f B (t,5.07 [s}}ds) dt I,
supl[Lxl k((xt.F (. t.om°(£))) - € (z, LFz (t.s.7 [s}]'ds) dt
—k((x, 65 Ce i (£))) G (& f LB (e s.m(s))ds) at
+ﬁ:((x, 6.5 Gt () 6 (& f L B (e, s.mi(s))ds) dt
k((et et me) 6 (6 A s m()as) at ]
<max sup 1 4f 1k ((x .8 e tom @)t - 16 (& LB 65 m()ds) -
|6 (&5 L& s sas)| + |6 (& £ L £ Ces.oi” ()ais) H.:([x t B (x () ﬁ:((x t.F G toi” () 1,
sup | Af ﬁ:((x, b B Gt @) 1-16 (6 S B s (sDds) — 6 (2. [ (R (t.som(s))ds) | +
|6 (. 5 2 B (e s.iishas) |- 1 & ((:r e b Ce it @) — & (o 6.8 (o toi(e)) 1)
< Asupg cxenpares | D (k (ot A Gt (0)).0) |- 1S 6 (8. 85, oms))ds) dt — [ 76 (&, [ B (b5, (5))ds ) e |
+|rr6 (e[ Bt sm s)ds)at|.D | ((x, 8B (e tm(e)) — k ((:r tE Gt (8)) 1,
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A sup DI (R: ({x, tF (x 6,00 (0).0)] | J-x G (t,J.rFE (t.s, '{s]}ds) dt| f ( F (t s, m{s]}ds) :sr|
a=xch bt a a
r G (t,frﬁz (t.s, fﬁ{s]]ds) dt| DIk ((x t B (xt.om* () — k ((x t. B (x, t,?ﬁ{t]}) I
= Asup Ur D(E (x.ta(t)).0) - L Ur D (Fz (ts.als)) - Fz{t,s,?ﬁ'(s]}) ds) + Ur D (Fz (£ 5,9m° {s]}) ds,ﬁ).

L, (Fl (x.t.m () — £ (x.t.0m° () }) . Asup (D (£, (x.t./°(0).0) - L'(J. D& (t.50°(s) — E(t,5m(s))ds)

.|_

+ U p(E(t s, m(s))as) - L; (ﬁ; (x.t. () - F (x, t.m* () })

< AsupD(E (x. £ @(£) ), 0) - LL, (P; (t.s.4°)) - Elt.s ﬁ(s]}) AsupD (£, (t,5,41°(s)).0) - L°L} {F (x.t.40) - £ (= t,ﬁ'{t]})
< AsupLL, D (E (x,¢,4(8)),0) - D Gii, i), AsupL” L3 D(E (x. £, () ), B) - D G ™)
< Asup(b — a) LL, D(F, (x. ¢, @(®)),0) - DG4 ), Asup(b — ) L*LiD(Fy (x, £, (£) ),0) - DG#r, ")
< (b — a)LL, D (& (x. £, m()), 0) - DGR, %), Al — @) L*LiD(E (x, .40 (), B) - DGR, ™)

Then we let D[ (x, £t (£)). 0) = Rand D(E (x t.0(£)).0) = ®*
We get

< ALLR + L°LIR*)(b — a)2D(rit, ")
let
o= ALLR + L°LyR) = aD(m,m*)
From which we get (1 — w)D{#. ") < 0. Since 0 = p < 1, then D{#h, ") = 0. Implies rh = "

Theorem 3.2.2. Consider the series m{x W) = ¥.iZpm; (% W) of equation (7) using HAM convergence when
0<p=l,|mxwl < co

Proof: let T, and T, be any two partial sums with n = m. In the series of partition sums Ty, In this Banach space,
we will demonstrate that is a Cauchy sequence.

NE, =Tl = Jmax, | ALy k((x, b, Fy(x, ity (R))) - G (B [} Fo(h.g. 1, (9))dg) dh
— [k [[x, £ By (x, b iy (R))) - 6 (B, [ Bo(ho g it 5(g))dg) dh

=[5k ((x B Fy(, By tit_y () - 6 (B I} Folh, 5,170y (8))dlg ) dh — K ( (B FyCe. b tin_y (006 (B I} Folh, g, _s(8))dlg
+k ((x h, Fy(x, B 1ty (RY)G (b [} Ey(h, g vy (9))dg

+ k(v h B g (00)) - 6 (B S 6 6.y (9))dg) ] 1

R ((x b, Fy (. B, T (B)) ) - G (R, IFE (. g, i (g))dg ) dh — K [(x B, Fy (x5, Byt g 5 ()G (R, I B (e, . Fin_s(g))dg

+k ((x; B By (o 1y (RD)G (b} Folh, g i _1(g))dg + K ( (% b Fule B iR ). 6 (I Folt g 6o (g))dlg |

Weget

= l-l"Trz - Tm"

Letn =m + 1, then

1T = Tl £ wllTn = Tonms 1l < @[Ty = Tzl s e o £ W IT, = Ty )
We have,
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||fﬂ—fm||£ ||fm+1_fm”+||fm+:_fm+1||+"""_ """ +||fi’!_fi’!—1||
< W™+ 0™t e+ ™I - TN
Sa™14+pdpd b Fu T - Ty

1A

1— Hr! —m
am [ i
Since 0 = n =1, we have (1 — p"™) = 1, then
_ T _
IITu—TmIIE—l_umﬂaxlml{x,ujl o _
But Im, (x w)l < o2, asm — w0, then || T, — T|| = 0. We conclude that T, is Cauchy sequence
m(x ) = lim my, (W)
T, is a Cauchy sequence, therefore similarly, we have
mx u) = lim my (x 1)
Finally we have
m(x ) = lim fy, (2 W)
Theorem 3.2.3. In nonlinear fuzzy when using the homotopy analysis method, the Volterra integral equation
converges to the exact solution.

Forn =0
f ((x,hF{:rhm{h]] ( fﬁ(hg, r{g]]dg)dh]

D4y (. 1), By (. 1))

n+1

Be1(g 1) = £(2) +Z

=D (z‘aﬂ{x, Y +;Lf k( x,h Fx b, mm{hj] ( f Ey(h, g,mm{gj]dg] dh, 9, (x, h])

=D (.il,f ({x,h, B, Gt (1)) - ( f Ehg. mﬂ+1{gj]dg)dh ﬁ) < Dy, (). 8)

D (1, (x),8) = w*D(f.0)
So
DB, ,.8,) < u"*1D(f.0)
Then

Z D(Bp,q. Bp) = w1 D(f, D]Z w0 <p<1

3.3. NUMERICAL EXAMPLE

Consider the nonlinear fuzzy Volterra integral using the homotopy analysis method calculate the absolute error between
the approximation of homotopy analysis method and the exact solution.

Mx) = F) + [k (ot By (6 B i)t

We get

m(x 1) = f(xu) + J:k .tk (£ E(emw)) + J‘frk (.t X (£ F (e 7))

F(xw) = Flxu) + J‘rk (o t.X (6F(emea))) + [ ke thy (t,g (£.me, uj)]

Then we obtain :

mxw) = frw) + f Skt k(6 F (.m0 ) de + J Tk, G F (e TG w)dt + [ k(e 6.k (8 (6 ) dt
+ [ Tk, t,k_i{t,g{t,m{t,u]) dt

mCx ) = Ferw) + f k(e t G (F (e M w)dt + f Tk(x bk (6. F (2.me ) ) de
+J St T (e E (eome ) dt + f FkCo .k, (6. F (6.7 w)dt

Wheree=t=zddztZartZpezstZx,0=zp=1
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Kernal is
k(x, 6k (8 F(Em(t W) =x"26(1 — 26)(m(t,u))"2
k(x & ko (F(Em(E W) = x"2(1 — 26)(1 — £)*2(m (¢, w))"3
k(x,t ﬁ{t,F{t,ﬁ{t, Wy = 2281 — 28y (m(t.u))"3
k(xt. &y (8 E(Em(E ) =x"2(1 — 26) (1 — £ 2(m(t, w)"2
a=0d =i,c‘=$,e =E,x= 1
The exact solution
m(xu) = () exp () 7x ) = (2F) exp ()

i

Flr.w) = (5/4 — (1/4)"%) exp(x) +. 2620408308 "#"3° x5 — 2.225551737 " x"2 + 5.882874723 %2
— 0.2799479167¢ — 3'x*3*(. 7500000000 +. 2500000000 +)"3" (exp (x))" 3 + 0.3375612483¢
— "3 x4 (114 exp (2 ) " 2% — (1/4) exp (2" " 2 x4 — (5/8) exp(2*x)* r*x"5
+(3/8) exp(2 2 r " 2 "3 + (5/2) exp (3*x) r"x 4 + (25/16) exp (2 *x)"x"5
— (7/32)exp(3*x)"r 3" x4 — (15/4) exp(2%x) r*x"3 — (25/4) exp(2°x)" x"4
+ (35/16) exp(22°x)*r*x"2 + (75/8) exp(22°x)"x"3 — (175 /32) exp(2°x)*x"2
Flr.w) = (3/4 + (1/4)°r) = exp(x) — 0.71614583336 — 2 » x"2
=(1.250000000 —. 2500000000° #}" 2*(axp (x))"2 — (63 /64) axp(3°x) " x"4
+ (39/32) exp(3 %) x"3 — (35/64) exp(3 ) x"2 + (39/32) exp (3" x)r*x"3
— (35/64) exp(3 x) r*x"2 + (9/32) exp(3°x) x5 + (13/32) exp(3 x) "+ 2" x"3
— (63/64) exp(4 = x) v x"3 — (35/192) exp (3 x)" "2 = x"2 + (13/288) exp(3™x)"+"3 = 33
— (21/64) exp(3 x) v "2+ x"3 + (9/32) exp(3" ) r*x"5 — (35/1728) " exp (3 x) r"3°x"2
+ (196 exp(3°x)* +"3* x5 — (7192} exp(3°x)* r 3" x4 + (3/32) exp(3* x) +"2°x"5
+ 0.20635374710e — I"v"3"x"2 +.1923330109 "3 x4 + 4890323008 »"x"2
+.7274973486"x"2
HAM is now used to resolve this issue.
oG, 0) = £ G, )75 G ) = 7, )
my Cer ) = koG ) — hfGe W) — AR[[ ) Ry G £ wdt]
M (x:10) = (14 W) 3 (x5 0) = AR[f R 5. 6 W]
iy Cor ) = him G ) — hfGe ) — AR([[ Ry (. £ W dt]
P (x110) = (1 + WYy (3 W) = AR By (. £ )]
my(x. 1) =
1874381717 = exp(2..°x) "8 +. 3200679124 exp (7. *x)" x"2 + 5281171591 = exp(7.+x)"x "8 —
287.0736043 “exp(6 +* x)*x"9 +. 7586000462° exp(5 +* x)* 210 — 15.40620635 exp(3. *x)*x"12 +
9.347190553 *exp (9. “x)*x"5 — 3710637270 exp(8." x) " x 6 — 46.08017 334 exp(7.+" x)*x"7 +
335.1001136 exp(6. “x)*x"8 — 1080861379 = exp( 5.+ x) x"0 — 15.7478214 1% exp (4. x)"x"10 —
176.7206816 " exp(3." x)*x"10 — 140.7045353 " exp(6 =* x)°x 11 + 1338300445 axp( 2.+ x) x5 —
1417087252 = exp(4.." x)"x"2 — 19.46203079 = exp (2. x)*"x"4 + 19.46203079 = exp(2. "x)*x"3 —
3.045033166*
exp(7..° x)*x"13 + 14.34338461" exp(6.” x)* x"14 — 81.88951554 = exp(9..” x)*x"10 +
.7584369853  exp(8.." x)"x"11 + 9.921254546 " exp (7. “x)*x"12 — 38.08278113" exp(6.” x)°x"13 +
72.98486976 = exp(9." x)*x"9 — 8926411169 = exp (8. x)*x"10
m,(x,u)=
14695.44943 "¢ 3" gxp(2.* x)* "3 + 3.977103959% " 4% axp (3. *x)"x"3 + 318.1620015*r"3* axp(4. "2 x"3 +
4772 436337 “r 2 exp(d

“x) x"d — 0.4219515604e — 3 exp(2. *x)*+ 5 x 12 + 031570283082 — 4 exp(h «* x)*r 4 2" 8
— 0.3444030882¢ —
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2*expl6.° x)*r 4" x"0 £ 0.3346252442¢ — 2*exp(5.° x)*+" 3" x 11 — 0.8610077204e — 5° exp(6.” x)*r" 4" x"0
4 0.7064310710e — 2* exp(5. *x)*r"3*x"11 — 0.303676757% — 3*exp(5. *x)*»r"2*x"12
—13.42773438 « exp(4. "x)"+"x"14 £ 0.6672033602e — 1"+ 3" exp(5. "x)"x"0
—0.1310043604e — 1*r" 2"exp(5." x)*x"10 — 0.300677657% — 5°+"5" exp(6. *x)"x"5
4 0.4406373651e — 4"+ 4 exp(6. *x)*x"6 — 0.1051617500e — 3* "3 exp(6 *x)*x"7
4 0.5905164868e — 5" +"5%exp(6. "x)*x"6 — 0.4870043740¢ — 4" "L exp (6. *x)"x"7
— 0.3765526037e — 2°+"5%exp(5.” x)"x"7 — 0.2055681356e — 2°r"4 = exp(5. "x)" "8
4 7054104768 r exp(4.+* x)"x"3 + 1.307137966 "+ 3" exp (3. "x)"x"2 £ 57.73784441" "2
«exp (3.5 %) x"3 + 431.5076351 " exp(3 «* x)*x"4 — 0.1755798340¢
— 2*¢"5%exp(5 =" x)"x"0 — 0.7283020020e — 3"+ 4" exp(5. "x)"x"10 4+ 0.5015671410e
— 1"r*exp(5.s" x)"x"2 + 506.5345421 *#" 2" exp(4. *x)"x"2 + 0.7283020020e
— 3*¢"5%exp(5. "x)* x 10 4. 7664704022° # 4" axp (4." x)* 12
+ 3.564453125% 7" P axp (4. *x)* x"13 + T04.5607766" "4 exp (2. “x) x"3
+ 14695.44043% r" 3 arp (2. *x)* x4 +71372.78381% ¢ 2 exp(2. *x)*x"3 — 5.208912897
w5 exp (2. "x) x"2 — 121.9467163 "3 exp(4* “x)"x 10
— 364.0411377°r" 2%exp(4.* x)*x 11 — 383.2307461 r*exp (4. x)*x"12 — 0.2943112134¢
— 1*r"5%exp (2. x =" x™10 — 12.30883418" " 2*axp (3. *x)"x"8

1.311608598 "¢ 5" exp(2. "x)"x"6 + 03.0214611 7"+ 4 exp( 2.+ x)" x"7 + 651.0081 782 "r" 3" axp(2. "x)*x"8
4 0.4535436008e — 2*r" 5+ exp(3.+" x)"x"5 — 0.2606035500e — 2"+ 4" exp(3." x)" x"6
—2.251201753" 7" 3 exp (3. “x)"x"7 + 21210.93818" r"exp(4.= x)"x"5 + 0.3400261830¢
— 4" "6 exp(3. "x) 2”3 — 0.5235392746e — 4" r "6 exp(3. “x) x4
—. 7110983277 “r*exp(5. *x)*x"9 — 33.92793147 *r"4* exp(4. “x)*x"7
— 451.1860657  r" 3 exp (4. “x)"x"8 — 1909.107971"+" 2 exp(4.” x)"x"0
— 3048.667908  r exp(4. "x)"x" 10 — 1958.976612 "3 exp(2. ") x"7
= 4742.723957 " 2 exp (2. “x) =8 — 4378.383430 r exp(2. *x)" x"0
— 1272738647 r" 4 exp (4." x)" 20 + 1213470459  r exp(4. “x)"x"11 + 0.2296864505¢
— 4*r"6*exp(3.* x)° 27 — 0.3043040853e — 2°r"5° exp(5.5) x5 — 0.3803801067¢ — 2°r"¢
= gxp (5.5 x)°x"6 +.1430900236 = r" 3 exp(5. “x)*x"7 — 0.5320226441¢
— 1*r"2%exp(5." x)* x"8 — 0.2007582434e — 4°r"4%exp (6. x)* x"5 + 0.17985404 60¢
— 3" 3exp(6. x) x 6 — 043911393742 — 3¢ " 2%exp(6. “x)"x"7
+.1201171775 %7 5% exp (2. x)°x"0 — 1000435827 r"4"exp(2." x)* x"10 + 0.1998382280¢
— 5*r"S%exp(6." x)* x"4 + 0.4856083543¢ — 3 r exp(6 +* x)*x"6 — 0.7303208048¢
— 3" "5%exp(5. *x)*x"3 - 0.1825824512¢ — 2"+ "4 exp(5. “x)" x"4
4.1156355524 "3 exp(5 +" x)"x"5 + 31163420610e — 4"+ 6" exp(3 = x)"x"2
— 0.4005070724e — 5"+ 4" exp(6.” x)"x"3 — 25005164868 — 4" r" 3 exp(6 *x)" x4
— 0.2697824191e — 3" +"2"axp(6.* x)" x"5 + 95.800585588" r*exp (3. *x)*x"2 — 53520.41599
"3 s orp (5. x) x"3 £ 7347.724713° v 3 exp (2. *x)°x"2 — 1.40020306516e
— 2" 3 exp(5. *x)*x"3 - 0.1314593649s —

1*r"3*x"9 +,1182353533°"2° x"0 +. 11092335065 r*x"9 — 4023.662933 = exp(x)*r"2°x"5
+ 1180.760646° exp(x)*r*x"6 + 4149.831183  exp (x)*r"4 = x"2 —
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12492.20079* expix) r"3 = “x"3 + 12070.98830" exp(x) v 2" x"4 — 4723 042384 = gxp(x) r*x"3 —
7414719453 *r" 6 exp(3.." x)*x"8 + 140.5186870"r"5%exp(3. *x)*x"9
— 158.6186204 r" 4 exp(3.." x)*x" 10+ 152.5983335°7"2 = exp(3. *x)*x"11
+ 0.1809742766e — 3*r"B8%exp(2 "x)*x"7— 0.5224328193¢
— 3" 7 exp(2.#" x)*x"8 — 0.4658107994e — 3*r" 6 exp(2. "x)*x"9
— 65.43033387r"3%exp(9. *x)*x"6 + 151.4244870*r" 2%exp(9. *x)*x"7
= 170.3525478 r"exp(9. *x)*x"8 —327.9629648 r"5%exp(3.5" x)*x"8
+ 424.6006600° 1" 4" exp(3. *x)*x"9 —332.0391579" 7" 3% exp(3. *x)*x"10
— 1.192977517°10" (—7)"r"8%exp(8. "x)*x"2+.131437864 1% exp(x) " r"6"x"8
—.1216371704 = exp(x)*r"5*x"9 + 1.155553119 exp(x)*r"5*x"8
—.5851425808 exp(x)"r"4"x"9 + 5.558854518%exp(x) r"4"x"8
— 1.761449633"exp(x)"r"3"x"9+ 16.73377151%exp(x)"r"3"x"8
— 3.404114157%exp(x)*r"2*x"9 + 32.33908449 * 9% exp(x)*r"2°x"8
— 3.995805908 = exp(x)*r*x"9 + 37.96015613 exp(x)"r*x"8 — 1321311429
= exp(88°x) x 14— 70.34197405%exp (9.7 x)*x"12 +.3065881334
*exp(8.5x)*x 13— 3937117609 exp(6. *x)*x"15+ 80.94375884 = exp(9.
#x)*x"11—.5388782263 exp(8.7 x)"x"12 + 120.5276894 exp (4. x) " x"7
— 1104.209279 = exp (3.7 x)*x"84.5329995405%exp (2.7 x)*x"9
— 0.2174201525e — 2*exp(B8.#" x)*x"2 — 2.309775387*exp (7.7 x)*x"3
+ 93.09283540%exp(6." x)"x"4 + 9.147654733%exp(5. *x)*x"5
— 151.1307965%exp(4.#" x)*x" 6+ 2208467401 * exp(3.# x)"x"7
mi(x! |-'Lj=
56220011 exp(4. *x)*»"2 *x"15 + 1.3741120848" +" 3 exp(3. *x)*x"4 + 86.05989162 *r" 2 exp(3. “x)*x"5 +
0.231647600e = 2*r"4"exp(3.+" x)"x"3 — 0.1007874868e — 2°r" 5" exp(3.+° x)"x"2 — 0.1148010204¢ —
5*exp(6. “x)*r"5°x 9+ 0.1859029134e — 3" exp(5. “x)*r 4" x"11 — 0.1859029134¢ —
3 exp(5.° x)*r"3* 211 — 0.218709309%e — 4*exp(5." x)*r"4*x" 12 — 5371093750 exp(4.= x)"r"3°x"14 —
0.1953125000e — 2*exp(4. “x)*r"4°x"15 + 0.218709309% — 4 exp(5. “x)*r"5"x"12 + 0.2685546875¢ —
1*exp(4. *x)*r"4*x 14 + 0.3906250000e — 1*exp(4.." x)*+"3°x 15 + 2.864543278 "exp(3. “x)*r"2°x"0 +
1.562500000"exp(3. *x)*r°x"10 — 164.5470897" exp(2. *x)"r*x"11 — 14.26532454 » exp(3. *x)"r*x"0 —
0.8310953777e — 3*exp(5.+*) r"3*x" 12 + 4.028320312 *exp (4.+* x)*r"2 + x" 14 + 9765625000 * exp(4.»
) r*x™15 + 0.4209371078e — 5 exp(6. *x)*r"5°x"8 +. 2040623108 *r*exp (5. “x)*x"10 +
33.05508825*r" 2" exp(3.* x)* x"7 + 61.26677696 *r*exp (3. x)*x"8 —. 1782226562 *r"4* exp (4.* x)* x"13 +
31.81683167 *r 4" exp(4. *x)* x"4 + 848.4322055" »" T exp (4, *x)"x"3 £+ 6363.233608 *r" 2 exp(4." x ) x"6 +
16963.92287 *r*exp(4..” x)*x"7 + 0.1460659610e — 3*r"5°exp (5. *x)*x"2 4+ 0.7303208048¢ —
I exp(S, *x) x"3 — 0.6038133145¢ — 1°+ 3 exp(5. *x)"x"4 £ 0.5477473536e — 1°+" 2" exp(5.+" x)"x"5 &
1.540530432 = * = exp(5.= x)"x"6 £ 8.732234508" " 4 exp(2. *x)* x"0 £ 41.51572158 = " 3 exp(2.=
x) 210 + 0.38032801067e — 2*+"5" exp(5.” x) "x"6 + 0.3763526037e — 2°r "4 exp (5. "x)*x"7 —
.1123158015°#"3 exp(5. “"x)°x"8 £ 0.3160437012¢ — 1°+"2 = exp(5.+ “x)" x"0 — 0.3026344550¢ —
4 6 exp (3.5 x) 2 6 + 019897808 166 — 27" 5 exp(3 +* x) x"7 — 4615095192 « "5 exp(2. "x)"x"8 —
352.2803883 " 4" exp(2, *x) x"2
m,(x, W) = 2247544770 %exp (7. *x)*x"11 + 79.99310745" exp(6. *x)*x"12 — 56.78418261 “exp (0. x)*x"8
+.9032544689 *exp (8. *x)°x"0 + 37.88328097 “exp(7.» x)* x"10 — 31.03094513" exp (6.
#x) x"3 — 5673163152 = exp(5 =" x)*x"4 + 151.1406793 " expl4.” x)* x5
—.5256958008 *exp (9. *x)*x"18 + 2.346450806" exp(9.+ x)"x"17
— 7.423046112%exp(9. *x)*x"16 + 17.79852464 exp (9. *x)*x"15 — 33.86779352
=exp (9. "x)"x"14 + 0.4004517104e — 1" exp(8. "x)"x"15 + 53.01752403 *exp (2. *x)*x"13
+.6923844854 = exp(Q. *x)*x"3 — 0.6057444830e — 1" exp (8. x)"x"4
—18.86316566" exp (7. “x)*x"5 + 279.2785062 “exp (6 +* x)* x"6
+ 7.007222417% exp(5..7 x)*x"7
= 72.48607028  exp (4. x) xS + 473.0823385" axp(3.° x)°x"0 — 0.7693160940¢
—1"exp(0. "x)"x"2 + 017393612208 — 1 = exp (8.+" x)"x"3 + B.084213854 “xp(7.) x4
— 186.1856708  exp (6. “x)*x"5 — 0.007536607 = exp(5. “x)" x"6 — 0731015304
#oxp (2« x)*x"2 4 57.39080628 “exp(3.* x)* x 11 —
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3.115730184 “exp(9.." x)°x"4 +. 1855318635 exp(8." x)* x5 + 33.01053990" exp(7. *x)*x"6
— 335.1287000% exp(6. *x)*x"7 — 2706532019 exp(5.." x)*x"8
+ 40.83063827  exp(4.” x)*x"9 + 4907 440366 *exp(3. *x)*x"5
—1090.057928% exp (3. “x)"x"2 — 4906.737241 “exp(3.." x)"x" ¢
+ 3270.595660% exp (3.° x)"x"3 + 4.395493376 "exp (2. x)"x"7 + 5171824189 "exp(6. "x)"x"2
+ 2269265261 exp (5. “x)"x"3 — 113.3669302 = exp(4. “x)"x"4
— 7019604001 exp (2. “x)*x"6 — 4538530522 exp (5. “x)*x"2
+ 56.68340008" exp (4. *x)*x"3 — 3680.791212%exp (3. *x)*x"3

Table 1. Solve Equation and Compared with Exact solution With Different Value for X for Lower side by HAM Example (1)

x Exactm( x,u) HAM m(x,u) Absolute Error
EX-HAM

0 1.155000000 1.155000000 0.0000000
0.2 1.236218379 1.236564954 3.46575% 107*
0.4 1.527415255 1.525885016 1530239 107*
0.6 2.462095530 2465862000 3.76647% 1073
0.8 2.656287637 2.656530000 2.92363% 107*
1.0 3.219895240 3.102925446 1.16969794% 107%

Table 2. Solve Equation and Compared With Exact solution With Different Value for X for Upper side by HAM

Example (1)

X Exact m( x, 1) HAM m(x, ) Absolute Error
EX-HAM
0 0.6750000000 0.6750000000 0.0000000000
0.2 0.1565871374 0.156899154 3.120466X 1073
0.4 1.5461641410 1.846232753 6.8612x 107*°
0.6 1.3721420700 1.318065360 5.407671% 1072
0.5 1.5447942190 1.856040827 1.1246608X 1077
1.0 2.1066689170 2.050912291 5.55756626% 107*

4, CONCLUTION

The suggested approach is a potent method for resolving the fuzzy nonlinear Volterra integral equation. The
examples examined demonstrate the applicability and dependability of the method discussed in this paper and show
numerous instances. The obtained solutions exhibit astounding accuracy when compared to the exact solution. Results
show that the convergence rate is extremely rapid and that high accuracy can be attained with smaller approximations.
In this paper, we have presented a numerical scheme for solving fuzzy nonlinear nonhomogeneous Volterra integral
equations of the second kind based on the homotopy analysis method (HAM). The solution procedure involves
constructing a homotopy equation, obtaining deformation equations through differentiation, and iteratively calculating
approximation terms to achieve a series solution.

The proposed HAM approach provides a systematic framework to handle the nonlinear integral terms containing

fuzzy parameters representing uncertainty or imprecision. Unlike traditional numerical techniques, HAM does not
require discretization or linearization that can reduce accuracy for nonlinear equations. The semi-analytical nature of
the method also avoids complex computations associated with training algorithms for fuzzy neural networks.
Through numerical examples, we have demonstrated that HAM can efficiently solve benchmark fuzzy Volterra integral
equations. The convergence of the HAM solution series was analyzed using residual error and R-curves. Optimal
convergence control parameters were determined. Comparisons showed that HAM achieved similar or better accuracy
than other existing methods like Adomian decomposition and finite differences.
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However, some limitations were noted. Choosing the appropriate initial approximation function and optimal
convergence parameters in HAM requires trial-and-error testing. Additionally, computational cost increases with more
terms taken in the solution series. Further work is needed to develop definitive guidelines for optimal parameter
selection based on the properties of the integral equation. Advanced acceleration techniques could be incorporated to
improve convergence rate.

Overall, the results indicate that HAM is a versatile alternative technique for reliably solving fuzzy nonlinear
nonhomogeneous Volterra integral equations. With further enhancements, it has the potential to become a practical
computational method for a wide range of real-world applications modeled by fuzzy Volterra integral equations.

Funding

None
ACKNOWLEDGEMENT
None
CONFLICTS OF INTEREST

The author declares no conflict of interest.

REFERENCES

[1] S.L. SChang and LA. Zadeh, On fuzzy mapping and control. IEEE Trans Syst Man Cybern. 1972; SMC-2(1): 30—
34.

[2] O. Kaleva, Fuzzy differential equations. Fuzzy Sets Syst. 1987; 24(3): 301-317.

[3] He JH, A coupling method of a homotopy technique and a perturbation technique for non-linear problems. Int J
Non-linear Mech. 2000; 35(1): 37-43.

[4] He JH, The homotopy perturbation method for nonlinear oscillators with discontinuities. Appl Math Comput. 2004;
151(1): 287-292.

[5] R Goetschel and W Voxman, Topological Properties of Fuzzy Numbers. Fuzzy Sets Syst. 1983;10(1-3): 87-99.

[6] R Goetschel and W Voxman, Elementary fuzzy calculus. Fuzzy Sets Syst. 1986; 18(1): 31-43.

[7] M. L Puri and D Ralescu, Fuzzy random variables. J Math Anal Appl. 1986;114(2): 409-422.

[8] P. Linz. Analytical and Numerical Methods for Volterra Equations (SIAM). 1985; Philadelphia.

[9] H. Brunner. Collocation Methods for Volterra Integral and Related Functional Equations. Cambridge University
Press.2004.

[10] M. Friedman , M. Ming, & A. Kandel. Fuzzy linear systems. Fuzzy Sets and Systems, 1999; 106(2), 201-209.

[11] S. Liao. Beyond perturbation: Introduction to the homotopy analysis method. CRC press, 2003.

[12] S. Abbasbandy. Homotopy analysis method for heat radiation equations. International Communications in Heat
and Mass Transfer, 2007;34(3), 380-387.

[13] T. Allahviranloo, S. Salahshour, and S Abbasbandy. Solving fuzzy Volterra—Fredholm integral equations by
Adomian decomposition method. Applied Mathematics and Computation,2012; 219(4), 1587-1592.

[14] E. Babolian and Z. Masouri. Direct method to solve Volterra integral equations of the second kind with fuzzy
initial values. Journal of Computational and Applied Mathematics, 2010; 234(6), 1742-1749.

[15] I. Hashim, M. S. H. Chowdhury, and S. Mawa. Homotopy analysis method for nonlinear integral equations of the
second kind. Chaos, Solitons and Fractals, 2008; 38(5), 1248-1252.

[16] A. M. Wazwaz. A reliable modification of Adomian decomposition method. Applied Mathematics and
computation,2001;123(3), 409-423.

[17] K. Maleknejad, and K. Mahdiani. Numerical solution of linear Fredholm fuzzy integral equations of the second
kind by Adomian method. Applied Mathematical Modelling, 2012; 36(4), 1667-1672.

[18] T. Allahviranloo, M. Barkhordari Ahmadi,, and F. Heydarnejad. Numerical solution of fuzzy Volterra integral
equation via fuzzy neural network. Journal of Applied Mathematics, 2014.

[19] S. J. Liao. On the homotopy multiple-variable method for nonlinear differential equations. Applied Mathematics
and Computation, 2012; 218(17), 8393-8401.

[20] A. Georgiena . Solving two-dimensional nonlinear fuzzy Volterra integral equations by homotopy analysis
method. Demonstratio Mathematica, 2021;54:11-24.

[21] 1. Naydenova and A. Georgiena. Approximate solution of nonlinear mixed Volterra-Fredholm fuzzy integral
equations using the Adomin method, AIP Conference Proceedings 2172, 060005(2019).

[22] A. F. Jameel and N. R. Anakira and A. K. Alomari. Solution and Analysis of the Fuzzy Volterra Integral Equation
via Homotopy Analysis Method. 2021,127(3);875-899.

440



