
 

        *Corresponding author: author@organization.edu.co 
         http://journal.esj.edu.iq/index.php/IJCM 
428 

Iraqi Journal for Computer Science and Mathematics 

Journal Homepage: http://journal.esj.edu.iq/index.php/IJCM 

e-ISSN: 2788-7421    p-ISSN: 2958-0544 

Homotopy analysis method for solving fuzzy Nonlinear 

Volterra integral equation of the second kind   
             

Rana Hussein1 , Moez Khenissi 1  

 

1 Department of Mathematics, University of Sousse , Tunisia 

 
*Corresponding Author: Rana Hussein 

 

DOI: https://doi.org/10.52866/ijcsm.2024.05.03.026 

Received March 2024; Accepted May 2024; Available online Augest 2024 

 

1. INTRODUCTION 

       Numerous significant problems in the disciplines under applied mathematics, including physics, medicine, and 

fuzzy control, greatly benefit from the study of fuzzy integral equations.. Von Zadeh [1] introduced the idea of fuzzy 

numbers and their calculation in 1965. And to day numerous fields use fuzzy sets. Although Kaleva [2] 

recommended fuzzy number operations and propose the fuzzy number concept, he opted to describe the integral of 

fuzzy functions using the Lebesgue-type integral notion. Recent years have seen a surge in research by 

mathematicians exploring numerical solutions for fuzzy integral equations   and we employ HAM to resolve the 

nonlinear and nonhomogeneous fuzzy Volterra integral equation. This approach,which is used to solve Volterra 

integral equations of second kind, ,typically demonstrates avery high rate of convergence, with an unsteady hazy 

,producing approximations with minimal errors in some iterations [3–4]. 

     Integral equations are ubiquitous in mathematical modeling across science and engineering disciplines. Volterra 

integral equations of the second kind involve the unknown function under the integral and have broad applications in 

disciplines such as  biology, mechanics, and finance [8]. These integro-differential equations can exhibit nonlinear 

behavior and do not always have analytical solutions, necessitating the use of numerical techniques [9]. Furthermore, 

ambiguity or vagueness in real-world systems may 

require the incorporation of fuzzy parameters, increasing the complexity of obtaining accurate solutions [10].  

    The Thomotopy analysis method (HAM) has emerged as a versatile semi-analytical approach for handling nonlinear       

equations. By constructing a homotopy between the original equation and an initial approximation, HAM provides a 

framework for deriving convergence-controlled series solutions [11,12]. HAM has shown promising results for various 

types of fuzzy integral equations, including Fredholm and Volterra types [13,14]. However, the application of HAM for 

fuzzy nonlinear nonhomogeneous Volterra integral equations remains under explored. This paper aims to develop a 

numerical scheme based on HAM to solve such equations containing fuzzy parameters. The solution methodology 

involves formulating a homotopy equation, differentiating to obtain deformation equations, and iteratively calculating 

approximation terms. Convergence criteria and error analysis will be provided [15]. The proposed technique will be 

demonstrated through benchmark problems and compared to other existing methods like Adomian decomposition [16], 

finite differences [17], and fuzzy neural networks [18]. Challenges related to computational efficiency and optimal 

parameter selection will also be discussed [19]. Overall, this study provides a systematic framework for utilizing HAM 

to reliably solve fuzzy nonlinear nonhomogeneous Volterra integral equations arising in real-world contexts. 

Challenges related to computational efficiency and selection of optimal parameters will also be discussed [20, 21]. 

Overall, this study will provide a systematic framework for utilizing HAM to reliably solve fuzzy nonlinear 

nonhomogeneous Volterra integral equations arising in real-world contexts[22]. 
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2. MAIN CONCEPTS 
   The following introduces the fundamental definitions of a fuzzy number: 

Definition 2.1. ([5])  is a fuzzy number that meets the criteria below: 

(1) m is upper semi-continuous function  

(2) m(x)=0 outside some interval .  

(3) There are real numbers b and c such that where 

 a- m(x) is a monotonically increasing function on [a,b] 

b- m(x) is a monotonically decreasing function on  

c- For all . 

      represents the collection of all fuzzy numbers, which is a convex cone and is provided by Definition (2.1). 

Kaleva [2] offers an alternative definition of a fuzzy number's parameter.  

Definition 2.2. A fuzzy number   in parametric form is a pair of function _ , which 

satisfies the following: 

i.  is a non decreasing, bounded, left continuous function over  

ii.  is a non  increasing, bounded left continuous function over  

iii.    

     The term for the collection of all fuzzy numbers is denoted by  [6]. 

Definition 2.3. For arbitrary fuzzy   and scalar , subtraction, scalar 

product by w, addition and multiplication, respectively, are defined as follows: 

 
       4-Multiplication:  

                                          (2)  

Definition 2.4. For arbitary Fuzzy numbers  

 

     The separation distance the , proves [7] that  are a complete metric spaces. 

Definition 2.5. In ([16]), the Riemann integral is used to define the integral of a Fuzzy function   . For a 

Fuzzy function, for each partition  of  and for arbitrary" , let  
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     (5)  

I the fuzzy function  f(x)  it is continuous in metric , then the integral certainly exists and  in addition 

           (6) 

Where  is the form of parameter . It should be noted that the Lebesgue-type approach [6] can also be 

used to define the fuzzy integral. However, if  is continuous, both strategies result in same one. More information 

regarding characteristics of the fuzzy integral. 

3. FUZZY NONLINEAR VOLTERRA INTEGRAL EQUATION OF THE SECOND-KIND  
     This paper covers the Complex nonlinear the Volterra integral equation of the second kind (FNVIE-2)—a fuzzy 

nonlinear equation with an  integral kernel 

  

 are  fuzzy function on  :  

 are analytic functions on  and where 

,  are nonlinear function on . For solving in the parameter form of Eq. (7), consider 

 and  and  are parameters of  and , respective. Then, 

the form of parameter of Eq. (7) is: 

 
  Equation (7) is converted to nonlinear Volterra integral equations for each  and . Now that we've 

described homotopy analysis approaches as approximate answers , we find  the approximate solutions 

of  

3.1. HOMOTOPY ANALITIC METHOD "HAM" IN GENERAL 

    The system (8) is now solved using the homotopy analytic method, and a recursion scheme is obtained. Before HAM 

for the system (8). We presumptively have four cases for kernels in the kernel. 

  

    Where 

      

    As can be seen, equation (7) is transformed into a system of crisp fuzzy Volterra integral nonlinear 

equations.  
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     We can see that the homotopy method is used to construct the zero-order deformation equations in order to solve the 

system (10)  

  

                                                                                  

 

 

      Where L is an auxiliary linear factor, h is a non-zero auxiliary parameter, and is the parameter embedding 

H(x) is a supporting function.  are initial guesses 

 and  respectively  and  

are unknown functions.. With the zero-order deformation equations previously given and the assumptions that L(m)=m 

and H(x)=1, we obtain 

  

 

 

 
     It is clear that when  and   , since , we get 

                           

And 

  

(13)  

Respectively. The function  therefore changes from the initial hypotheses  to 

the solution as p increases from 0 to 

1, and  

Taylor's series expansion  with respect to p results in   

                                                                                   (14)  

Where 

  

 It is important to remember that  and   when the zero-

order deformation equations (13) are multiplied by pembedding parameter m times and divided by 

m! and n! When we eventually put p=0, we obtained what are known as m-th order equations of 

deformation.   

  

Where  
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and 

                         (16)  

from  equations  (15) , (16) we obtain 

                                                                             

    

Similarly    

 
 (17) 

as, 

                         (18) 

If we select the values of h properly, the series (9) is convergent of p=1. The homotopy solution series, system 
solution (10) as shown below: 

                                                                                                                (19) 

We give the nth order solution approximately with 

                                                                                             (20)  

3.2. ANALISYSIS OF EXISTENCE AND CONVERGENCE: 

    Consider  to be bounded  and 

 
    We also assume that the nonlinear factors  are satisfied in Lipschitz condition 

 
Let 

 
       Using the Homotopy analysis method, we will now demonstrate the existence, uniqueness, and convergence 
of the method's solution. 
Theorem 3.2.1: For , then we get a unique solution for equation (7). 

Proof: let m and  get two solutions of equation (7). 
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    Then we let  and  

We get 

 

let 

 

    From which we get . Since , then . Implies  

Theorem 3.2.2. Consider the series  of equation (7) using HAM convergence when 

  

Proof: let  and  be any two partial sums with . In the series of partition sums  In this Banach space, 
we will demonstrate that is a Cauchy sequence. 

  

We get 

 
Let , then 

 
We have, 
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Since , we have , then 

 
But , as , then || . We conclude that  is Cauchy sequence 

 
 is a Cauchy sequence, therefore similarly, we have 

 
Finally we have 

 
Theorem 3.2.3. In nonlinear fuzzy when using the homotopy analysis method, the Volterra integral equation 
converges to the exact solution.  

For  

 
So 

 
Then 

 
 

3.3. NUMERICAL EXAMPLE  

Consider the nonlinear fuzzy Volterra integral using the homotopy analysis method calculate the absolute error between 

the approximation of homotopy analysis method and the exact solution. 

       

We get   

 

 
Then we obtain 

 

 
    Where  
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Kernal is 

 

 

 

 
  

  The exact solution  

  

 

 

 
HAM   is now used to resolve this issue. 

 

 

 

 
  

=  

3.045033166* 

 
= 

. 
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12492.20079*  

 
=
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Table 1. Solve Equation and Compared with Exact solution With Different Value for  for Lower side by HAM Example (1) 

Absolute Error 

EX-HAM 

 
  

 

 

0 
   

3.46575  
   

1.530239  
   

3.76647  
   

2.92363  
   

1.16969794  
   

Table 2. Solve Equation  and Compared With Exact solution With Different Value for  for Upper side by HAM 
Example (1) 

Absolute Error 

EX-HAM 

 
  

  
 

0000 0 00  

3.120466  
   

6.8612  
   

5.407671  
   

1.1246608  
   

5.55756626     

 

4. CONCLUTION   

      The suggested approach is a potent method for resolving the fuzzy nonlinear Volterra integral equation. The 

examples examined demonstrate the applicability and dependability of the method discussed in this paper and show 

numerous instances. The obtained solutions exhibit astounding accuracy when compared to the exact solution. Results 

show that the convergence rate is extremely rapid and that high accuracy can be attained with smaller approximations. 

In this paper, we have presented a numerical scheme for solving fuzzy nonlinear nonhomogeneous Volterra integral 

equations of the second kind based on the homotopy analysis method (HAM). The solution procedure involves 

constructing a homotopy equation, obtaining deformation equations through differentiation, and iteratively calculating 

approximation terms to achieve a series solution. 

      The proposed HAM approach provides a systematic framework to handle the nonlinear integral terms containing 

fuzzy parameters representing uncertainty or imprecision. Unlike traditional numerical techniques, HAM does not 

require discretization or linearization that can reduce accuracy for nonlinear equations. The semi-analytical nature of 

the method also avoids complex computations associated with training algorithms for fuzzy neural networks. 

Through numerical examples, we have demonstrated that HAM can efficiently solve benchmark fuzzy Volterra integral 

equations. The convergence of the HAM solution series was analyzed using residual error and R-curves. Optimal 

convergence control parameters were determined. Comparisons showed that HAM achieved similar or better accuracy 

than other existing methods like Adomian decomposition and finite differences. 
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     However, some limitations were noted. Choosing the appropriate initial approximation function and optimal 

convergence parameters in HAM requires trial-and-error testing. Additionally, computational cost increases with more 

terms taken in the solution series. Further work is needed to develop definitive guidelines for optimal parameter 

selection based on the properties of the integral equation. Advanced acceleration techniques could be incorporated to 

improve convergence rate. 

Overall, the results indicate that HAM is a versatile alternative technique for reliably solving fuzzy nonlinear 

nonhomogeneous Volterra integral equations. With further enhancements, it has the potential to become a practical 

computational method for a wide range of real-world applications modeled by fuzzy Volterra integral equations. 
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